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1. Introduction and Banach orbifolds
Recently, Carlotti [1] extended the local inverse theorem to V-manifolds of finite dimensions.
V-manifolds or orbifolds were first introduced by Satake [2], and arise naturally in many ways.
Unlike direct extension of the local inverse theorem from finitely dimensional manifolds to Ba-
nach manifolds, when trying to extend Carlotti’s result to Banach orbifolds, we find the extension
can only be done on a class of Banach orbifolds. Theorem 2.1 is our main result.
Recall that a (C∞-) Banach orbifold chart for an open subset U of a Hausdorff topological
space X is a triple (U˜ ,GU ,ϕU) consisting of
(i) a connected open subset U˜ of a Banach manifold;
(ii) a finite group GU of (C∞-) automorphisms of U˜ which effectively acts on U˜ ;
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the induced map U˜/GU → U is a homeomorphism.
One often calls U˜ as a local cover, GU as a local group, U as the support of the chart, ϕU as a
local covering map. Note that ϕU : U˜ → U is both open and closed, in particular it is proper by
the proof of Proposition 1.7 on p. 102 of [3].
For any x ∈ U and x˜ ∈ (ϕU )−1(x), let GU(x˜) denote the isotropy group of GU at x˜, i.e.,
GU(x˜) = {g ∈ GU | g(x˜) = x˜}. x˜ is called a singular point if GU(x˜) = {I }, otherwise it is called
a regular point. Denote U˜ sing (respectively U˜◦) by the set of all singular (respectively regular)
points of U˜ , i.e., U˜ sing = {x˜ ∈ U˜ | GU(x˜) = {I }} (respectively U˜◦ = {x˜ ∈ U˜ | GU(x˜) = {I }}).
We also denote GUx˜ by the orbit of x˜, i.e., GUx˜ = {g(x˜) | g ∈ GU }.
Lemma 1.1. Let (U˜ ,GU,ϕU ) be a Banach orbifold. Then for any x ∈ U and x˜ ∈ (ϕU )−1(x),
there exists a connected open neighborhood O˜(x˜) ⊂ U˜ of x˜ such that
(i) O˜(x˜) is GU(x˜)-invariant;
(ii) h(O˜(x˜)) ∩ O˜(x˜) = ∅ for any h ∈ GU \GU(x˜).
Proof. If GU(x˜) = GU , we can take O˜(x˜) = U˜ . So we may assume GU(x˜) = GU . For any
h ∈ GU \GU(x˜), h(x˜) = x˜, we can always find an open neighborhood Vh of x˜ such that h(Vh)∩
Vh = ∅. Then V1 :=⋂h∈GU \GU(x˜) Vh is also an open neighborhood of x˜ and satisfies h(V1) ∩
V1 = ∅ for any h ∈ GU \ GU(x˜). Since g(x˜) = x˜ for any g ∈ GU(x˜), there must exist an open
neighborhood Vg of x˜ such that g(Vg) ⊂ V1. Set V2 :=⋂g∈GU(x˜) Vg , we have g(V2) ⊂ V1 for
any g ∈ GU(x˜). Take a connected open neighborhood V of x˜ such that V ⊂ V1 ∩ V2. Then
O˜(x˜) :=⋃g∈GU(x˜) g(V ) is also a connected open neighborhood of x˜ and satisfies (i) obviously.
To see that it also satisfies (ii), note that for any h ∈ GU \GU(x˜),
h
(
O˜(x˜)
)∩ O˜(x˜) = ( ⋃
g∈GU(x˜)
hg(V )
)
∩
( ⋃
g′∈GU(x˜)
g′(V )
)
=
⋃
g∈GU(x˜)
⋃
g′∈GU(x˜)
(
hg(V )∩ g′(V )).
Since hg ∈ GU \ GU(x˜), V ⊂ V1 implies hg(V ) ∩ V1 = ∅, and V ⊂ V2 implies g′(V ) ⊂ V1.
Hence we get hg(V )∩ g′(V ) = ∅, and thus h(O˜(x˜)) ∩ O˜(x˜) = ∅. 
If U˜ is of finite dimension, then U˜◦ is a dense open subset in U˜ by a theorem by Newman [4,
Theorem 1]. However, for infinitely dimensional U˜ , we can not confirm such a conclusion. In
order to find an appropriate extension of it, let us firstly analysis the local structure of U˜ sing. For
any x˜ ∈ U˜ , if GU(x˜) = {I }, i.e., x˜ ∈ U˜ sing, it follows from the local linearizion theorem in [5]
that there exists a GU(x˜)-equivariant diffeomorphism F :N(0x˜ ) → N (x˜), i.e., F(dg(x˜)ξ) =
g(F (ξ)) ∀g ∈ GU(x˜) and ∀ξ ∈ N(0x˜ ), where N(0x˜ ) is a neighborhood of the origin in Tx˜U˜ , and
N (x˜) is a neighborhood of x˜ in U˜ . By Lemma 1.1, thisN (x˜) can be chosen to be connected and
so small that
(i) N (x˜) is GU(x˜)-invariant;
(ii) h(N (x˜))∩N (x˜) = ∅ for any h ∈ GU \GU(x˜).
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U˜ sing ∩N (x˜) =N (x˜)sing =
⋃
g∈GU(x˜)\{I }
F
(
N(0x˜ ) ∩ V
(
dg(x˜)
))
. (1)
In fact, for any y˜ in the left side, there exists g0 ∈ GU , g0 = I such that g0(y˜) = y˜. Note that
y˜ ∈N (x˜), it follows from (ii) that g0 ∈ GU(x˜). Since F :N(0x˜ ) →N (x˜) is a diffeomorphism,
there exists ξ ∈ N(0x˜ ) such that y˜ = F(ξ). Now F(dg0(x˜)ξ) = g0(F (ξ)) = g0(y˜) = y˜ = F(ξ),
we have ξ ∈ N(0x˜ ) ∩ V(dg0(x˜)), which implies y˜ is in the right side. Hence the left side is
contained in the right side. Conversely, it is easily checked that the right side is contained in the
left side. (1) is proved.
So for any g ∈ GU(x˜) \ {I }, the submanifold F(N(0x˜ )∩V(dg(x˜))) ⊂N (x˜) is exactly the set
of the fixed points of g in N (x˜), i.e., N (x˜)g , and N (x˜)sing =⋃g∈GU(x˜)\{I }N (x˜)g . We define
codimN (x˜)sing = min{codimN (x˜)g ∣∣ g ∈ GU(x˜) \ {I }},
and call it codimension of U˜ sing near x˜. When codimN (x˜)sing  1, it is easily seen that the set
of regular points of N (x˜), i.e., N (x˜)◦, is a dense open subset in N (x˜). For integer k  1, we
say the Banach orbifold chart (U˜ ,GU ,ϕU ) to be k-regular if the codimension of U˜ sing near any
x˜ ∈ U˜ sing is not less than k. It means that the fixed point set U˜g of any g ∈ GU \{I } has codimen-
sion not less than k near any x˜ ∈ U˜g . So for any k-regular Banach orbifold chart (U˜ ,GU ,ϕU ),
U˜◦ is a dense open subset in U˜ .
Lemma 1.2. Let (U˜ ,GU ,ϕU) be k-regular Banach orbifold chart, x ∈ U , x˜ ∈ (ϕU )−1(x), and
O˜(x˜) ⊂ U˜ be a connected open neighborhood of x˜ as in Lemma 1.1. Then (O˜(x˜),GU(x˜),
ϕxU = ϕU |O˜(x˜)) is also a k-regular Banach orbifold chart, called an induced chart of (U˜ ,GU ,ϕU)
at x˜ (or x).
Proof. Since U◦ is a dense open subset in U , we may assume x ∈ U sing. Firstly, it is clear that
O(x) = ϕU(O˜(x˜)) is an open subset in U (and so in X) since ϕU is an open map. Next, for any
g ∈ GU(x˜) and y˜ ∈ O˜(x˜), we have x˜y˜ := g−1(y˜) ∈ O˜(x˜) and g(x˜y˜) = y˜ because g−1 ∈ GU(x˜).
It implies g|O˜(x˜) : O˜(x˜) → O˜(x˜) is a surjective map and thus a homeomorphism. Obviously
the codimension of O˜(x˜)sing near y˜ is the same as that of U˜ sing near y˜. Finally, we show that
ϕxU : O˜(x˜) → O(x) induces the following homeomorphism
ϕxU : O˜(x˜)/GU(x˜) → O(x), [y˜]GU(x˜) → ϕxU (y˜) = ϕU(y˜)
where y˜ ∈ O˜(x˜), [y˜]GU(x˜) := GU(x˜)y˜. In fact, it suffices to prove that ϕxU is injective and open.
Assume ϕxU ([y˜1]GU(x˜)) = ϕxU ([y˜2]GU(x˜)) for y˜1, y˜2 ∈ O˜(x˜). Then ϕxU (y˜1) = ϕU(y˜1) = ϕU(y˜2) =
ϕxU (y˜2), and thus there exists g0 ∈ GU such that y˜1 = g0(y˜2). Note that for any h ∈ GU \GU(x˜),
h(O˜(x˜))∩ O˜(x˜) = ∅. We get g0 ∈ GU(x˜) and [y˜1]GU(x˜) = [y˜2]GU(x˜).
Let A be the open subset of O˜(x˜)/GU(x˜) and πxU : O˜(x˜) → O˜(x˜)/GU(x˜) be the quotient
map. Then (πxU )
−1(A) is open in O˜(x˜) (and so in U˜ ). Since ϕU : U˜ → U is an open map,
ϕU((π
x
U )
−1(A)) is an open subset of U . Note that ϕU((πxU )−1(A)) = ϕxU ((πxU )−1(A)) ⊂ O(x).
We get that ϕxU ((π
x
U )
−1(A)) is an open subset of O(x). Moreover, ϕxU (A) = ϕxU ((πxU )−1(A)). It
follows that ϕxU is open. 
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on U˜ does not imply GU(x˜) effectively acting on O˜(x˜).
Lemma 1.4. Let (U˜ ,GU ,ϕU) be a k-regular Banach orbifold chart. Then for any path connected
subset V ⊂ U and any connected component V˜c of ϕ−1U (V ), the restriction ϕU |V˜c : V˜c → V is
surjective. Furthermore, other connected component of ϕ−1U (V ) must be the form of g(V˜c) for
g ∈ GU .
Proof. Choose a regular point x˜ ∈ V˜ ◦c . For any y ∈ V , we can choose a continuous path
 : [0,1] → V from x to y such that ([0,1)) has only finite intersection points with V sing, i.e.,
there exist 0 < t1 < · · · < tk < tk+1 = 1 such that
(ti) ∈ V sing, 
(
(ti , ti+1)
)⊂ V ◦, i = 1, . . . , k
since ([0,1]) is compact and locally U sing is the union of finite submanifolds of codimension
not less than 1. Note that ϕU : U˜◦ → U◦ is a |GU |-fold regular covering map. By the properness
of ϕU and the proof of the uniqueness of the lifting of a path in the covering space theory,2 it
is easy to see that there exists a unique lifting γ˜1 passing through x˜ for |[0,t1). Obviously, γ˜1 is
contained in V˜ ◦c . Let γ˜2 be a lifting in U˜◦ for |(t1,t2). From the properness of ϕU it follows that
the limits limt→t1− γ˜1(t) and limt→t1+ γ˜2(t) exist and
ϕU
(
lim
t→t1−
γ˜1(t)
)
= ϕU
(
lim
t→t1+
γ˜2(t)
)
.
The last equality implies that there exists g2 ∈ GU such that limt→t1− γ˜1(t) =
g2(limt→t1+ γ˜2(t)). Define γ˜1(t1) = limt→t1− γ˜1(t) and γ˜2(t2) = limt→t2− γ˜2(t). Then by gluing
γ˜1 and g2 ◦ γ˜2, we can obtain a lifting for |[0,t2], denoted by γ˜1  g2 ◦ γ˜2. Similarly, we have lift-
ings γ˜3, . . . , γ˜k+1 of |[t2,t3], . . . , |[tk,1] respectively, and g3, . . . , gk+1 ∈ GU such that γ˜1 g2 ◦ γ˜2
and g3 ◦ γ˜3, . . . , gk+1 ◦ γ˜k+1 can be glued into a lifting γ˜1  g2 ◦ γ˜2  g3 ◦ γ˜3  · · ·  gk+1γ˜k+1 for .
Clearly, the lifting must be in V˜c and ϕU(γ˜1  g2 ◦ γ˜2  g3 ◦ γ˜3  · · ·  gk+1γ˜k+1(1)) = y. The first
assertion is proved.
Now we prove the second assertion. Let V˜1 be another connected component of ϕ−1U (V ). By
the first assertion, we choose x ∈ V , x˜ ∈ V˜c and x˜1 ∈ V˜1 such that ϕU(x˜) = ϕU(x˜1). Let g ∈ GU
such that g(x˜) = x˜1. Since both g(V˜c) and g−1(V˜1) are connected, we have g−1(V˜1) ⊂ V˜c and
g(V˜c) ⊂ V˜1. Therefore g(V˜c) = V˜1. 
Let (U˜ ,GU ,ϕU) and (V˜ ,GV ,ϕV ) be two k-regular Banach orbifold charts whose supports
U ⊂ V ⊂ X. We say θUV = (θ˜UV , γUV ) to be an injection from (U˜ ,GU ,ϕU ) to (V˜ ,GV ,ϕV ) if
γUV :GU → GV is an injective group homomorphism and θ˜UV is a γUV -equivariant diffeomor-
phism from U˜ onto an open subset of V˜ such that ϕU = ϕV ◦ θ˜UV .
Lemma 1.5. Let θUV = (θ˜UV , γUV ) be an injection from a k-regular Banach orbifold chart
(U˜ ,GU,ϕU ) to another (V˜ ,GV ,ϕV ) as above. If h ∈ GV such that h(θ˜UV (U˜)) ∩ θ˜UV (U˜) = ∅,
then h(θ˜UV (U˜)) = θ˜UV (U˜) and h sits in the image of homomorphism γUV :GU → GV .
2 If (U˜ ,GU ,ϕU ) is 2-regular this directly follows because U˜◦ is connected.
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and h−1(C) are open subsets of V˜ . Note that C ⊂ h(θ˜UV (U˜)) or h−1(C) ⊂ θ˜UV (U˜), and that the
set of regular points is dense open subset. We can choose a regular point θ˜UV (p˜) ∈ h−1(C). So
the isotropy group GV (θ˜UV (p˜)) = {IGV }. Since hθ˜UV (p˜) ∈ C and C ⊂ θ˜UV (U˜), we have q˜ ∈ U˜
such that hθ˜UV (p˜) = θ˜UV (q˜). Hence ϕV θ˜UV (p˜) = ϕV hθ˜UV (p˜) = ϕV θ˜UV (q˜), ϕU(p˜) = ϕU(q˜).
It follows that there exists g0 ∈ GU such that g0(p˜) = q˜ . Let γUV (g0) = h0, we get hθ˜UV (p˜) =
θ˜UV (q˜) = θ˜UV g0(p˜) = h0θ˜UV (p˜). Therefore GV (θ˜UV (p˜)) = {IGV } yields h = h0. Finally we
have h(θ˜UV (U˜)) = h0(θ˜UV (U˜)) = γUV (g0)(θ˜UV (U˜)) = θ˜UV (g0(U˜)) = θ˜UV (U˜). 
Remark 1.6. If U = V , then θ˜UV is a diffeomorphism from U˜ to V˜ and γUV :GU → GV is a
group isomorphism. (In this case, we say the two k-regular Banach orbifold charts to be equiv-
alent and call θUV an equivalence between them.) In fact, ϕV (V˜ ) = ϕU(U˜) = ϕV (θ˜UV (U˜)),
hence for any y˜ ∈ V˜ , we have x˜ ∈ U˜ such that ϕV (y˜) = ϕV (θ˜UV (x˜)). This implies there exists
h ∈ GV such that h(θ˜UV (x˜)) = y˜. So V˜ ⊂ ⋃h∈GV h(θ˜UV (U˜)). On the other hand, it is easy
to see that
⋃
h∈GV h(θ˜UV (U˜)) ⊂ V˜ . We thus get V˜ =
⋃
h∈GV h(θ˜UV (U˜)). Next we claim that
h(θ˜UV (U˜)) = θ˜UV (U˜) for any h ∈ GV . Otherwise, let us denote
V˜1 =
⋃
h∈GV
h(θ˜UV (U˜)) =θ˜UV (U˜)
h
(
θ˜UV (U˜)
)
, V˜2 =
⋃
h∈GV
h(θ˜UV (U˜))=θ˜UV (U˜)
h
(
θ˜UV (U˜)
)= θ˜UV (U˜),
then V˜ = V˜1 ∪ V˜2. Since IGV (θ˜UV (U˜)) = θ˜UV (U˜) for the unit element IGV of GV , V˜2 = ∅. Note
that we also have V˜1 ∩ V˜2 = ∅. Indeed, suppose that there exists h ∈ GV , h(θ˜UV (U˜)) = θ˜UV (U˜)
such that h(θ˜UV (U˜)) ∩ θ˜UV (U˜) = ∅. By Lemma 1.5, h(θ˜UV (U˜)) = θ˜UV (U˜), which contradicts
h(θ˜UV (U˜)) = θ˜UV (U˜). Hence we have proved that V˜ = V˜1 ∪ V˜2 and V˜1 ∩ V˜2 = ∅. It contradicts
the connectedness of V˜ . So V˜ = θ˜UV (U˜). By Lemma 1.5 again, h is in the image of γUV and
γUV is an isomorphism.
Definition 1.7. Two k-regular Banach orbifold charts (U˜α,Gα,ϕα) and (U˜β,Gβ,ϕβ) with
supports in Hausdorff topological space X are called compatible, if either Uα ∩ Uβ = ∅, or
Uα ∩ Uβ = ∅, but for any x ∈ Uα ∩ Uβ , x˜α ∈ (ϕα)−1(x) and x˜β ∈ (ϕβ)−1(x) there exist equiv-
alent induced charts (O˜(x˜α),Gα(x˜α), ϕxα) at x˜α and (O˜(x˜β),Gβ(x˜β), ϕxβ) at x˜β . A family of
k-regular Banach orbifold charts A= {(U˜α,Gα,ϕα)}α∈Λ is called a k-regular Banach orbifold
atlas if any two charts in it are compatible and
⋃
α∈Λ Uα = X.
Let A be the set of all k-regular Banach orbifold charts with supports in X which are compat-
ible with any chart in A. Obviously, it is uniquely determined by A. We say A to be a k-regular
Banach orbifold structure on X. Two k-regular Banach orbifold atlasesA andA′ on X are called
equivalent if A ∪A′ is a k-regular Banach orbifold atlas. It is easily checked that two equiva-
lent k-regular Banach orbifold atlases determine the same k-regular Banach orbifold structure.
A Hausdorff topological space X together with a k-regular Banach orbifold structure A on it
is called a k-regular Banach orbifold, denoted by (X,A). Later when we refer to a k-regular
Banach orbifold, we assume it has been given a k-regular Banach orbifold atlas A, denoted by
(X,A) and simplified by X without occurring of confusions.
Remark 1.8. According to Satake’s definition in [2], one should define a k-regular Banach orb-
ifold atlas to be a family of k-regular Banach orbifold charts A= {(U˜α,Gα,ϕα)}α∈Λ satisfying:
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(ii) for any charts (U˜α,Gα,ϕα) and (U˜β,Gβ,ϕβ) in A, and x ∈ Uα ∩ Uβ , there exists a chart
(U˜γ ,Gγ ,ϕγ ) in A such that x ∈ Uγ ⊂ Uα ∩Uβ ,
(iii) if the support Uα of (U˜α,Gα,ϕα) is contained in the support Uβ of (U˜β,Gβ,ϕβ), there
exists an injection from (U˜α,Gα,ϕα) to (U˜β,Gβ,ϕβ).
Our definition above is an infinitely dimensional version of the definition of finite-dimensional
orbifolds in [6, Chapter 2], which is convenient for our arguments in this paper. If X is paracom-
pact, we can prove that the two definitions are equivalent.
For a nonempty open subset W in a k-regular Banach orbifold (X,A), it follows from
Lemma 1.4 that the atlas A= {(U˜α,Gα,ϕα)}α∈Λ naturally induces a k-regular Banach orbifold
atlas AW on W , which consists of the following charts(
V˜ c0α ,G
c0
α ,ϕ
c0
α
)
,
where (U˜α,Gα,ϕα) is any chart in A, (W ∩Uα)c is a path connected component of W ∩Uα and
V˜ c0α is a connected component of ϕ−1α ((W ∩ Uα)c), Gc0α is the subgroup of Gα fixing V˜ c0α , ϕc0α
is the restriction of ϕα to V˜ c0α .
Definition 1.9. Let (X,AX) and (Y,AY ) be 1-regular Banach orbifolds, AX = {(U˜α,Gα,
ϕα)}α∈Λ, AY = {(W˜k,Hk,ψk)}k∈Γ . A continuous map f :X → Y is called a C∞-orbifold map
if for each chart (U˜α,Gα,ϕα) in AX there exists a chart (W˜k(α),Hk(α),ψk(α)) in AY such
that f (Uα) ⊂ Wk(α) and there exist a C∞ map f˜α : U˜α → W˜k(α) and a group homomorphism
τα :Gα → Hk(α) satisfying f˜α ◦g = τα(g) ◦ f˜α and ψk(α) ◦ f˜α = f ◦ϕα . In this case, f˜α is called
a lifting of f :Uα → Wα , and (f˜α, τα) : (U˜α,Gα,ϕα) → (W˜k(α),Hk(α),ψk(α)) is called a local
representation of f near any x ∈ Uα . Later, k(α) is denoted by α for the sake of simplicity.
Later, when we refer to a orbifold map f :X → Y , we always assume that it is re-
spect to the given atlases AX and AY . Now let f :X → Y be a C∞-orbifold map from
a 2-regular Banach orbifold (X,AX) to a 1-regular Banach orbifold (Y,AY ). Suppose that
(f˜α, τα) : (U˜α,Gα,ϕα) → (W˜α,Hα,ψα) is a local representation of f near x ∈ Uα . If for any
x˜α ∈ (ϕα)−1(x), the tangent mapping df˜α(x˜α) :Tx˜α U˜α → Tf˜α(x˜α)W˜α is a linear topological iso-
morphism and τα|Gα(x˜α) :Gα(x˜α) → Hα(f˜α(x˜α)) is surjective, we say f to be normal at x. The
following lemma shows that this definition is well defined, i.e., does not depend on the choice of
the point x˜α ∈ (ϕα)−1(x), nor on the chart (U˜α,Gα,ϕα) containing x.
Lemma 1.10. Let (X,AX) be a 2-regular Banach orbifold and (Y,AY ) be a 1-regular Ba-
nach orbifold, AX = {(U˜α,Gα,ϕα)}α∈Λ, f :X → Y be a C∞-orbifold map. Suppose that
(f˜α, τα) : (U˜α,Gα,ϕα) → (W˜α,Hα,ψα) and (f˜β, τβ) : (U˜β,Gβ,ϕβ) → (W˜β,Hβ,ψβ) are two
local representation of f . For any x ∈ Uα ∩ Uβ , x˜α ∈ (ϕα)−1(x) and x˜β ∈ (ϕβ)−1(x), if
the tangent map df˜α(x˜α) is a linear topological isomorphism and τα|Gα(x˜α) :Gα(x˜α) →
Hα(f˜α(x˜α)) is surjective, then the tangent map df˜β(x˜β) is a linear topological isomorphism
and τβ |Gβ(x˜β ) :Gβ(x˜β) → Hβ(f˜β(x˜β)) is surjective too.
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(ψβ)
−1(f (x)). By the definition of orbifolds, there are two equivalent induced charts(
O˜(x˜α),Gα(x˜α), ϕ
x
α
)
and
(
O˜(x˜β),Gβ(x˜β), ϕ
x
β
)
at x and an equivalence between them(
λUαβ,AUαβ
)
:
(
O˜(x˜α),Gα(x˜α), ϕ
x
α
)→ (O˜(x˜β),Gβ(x˜β), ϕxβ)
such that λUαβ(x˜α) = x˜β . Similarly, there are two equivalent induced charts(
O˜
(
f˜α(x˜α)
)
,Hα
(
f˜α(x˜α)
)
,ψf (x)α
)
and
(
O˜
(
f˜β(x˜β)
)
,Hβ
(
f˜β(x˜β)
)
,ψ
f (x)
β
)
at f (x) and an equivalence between them(
λWαβ,AWαβ
)
:
(
O˜
(
f˜α(x˜α)
)
,Hα
(
f˜α(x˜α)
)
,ψf (x)α
)→ (O˜(f˜β(x˜β)),Hβ(f˜β(x˜β)),ψf (x)β )
such that λWαβ(f˜α(x˜α)) = f˜β(x˜β). We can choose O˜(x˜α) and O˜(x˜β) so small that f˜α(O˜(x˜α)) ⊂
O˜(f˜α(x˜α)) and f˜β(O˜(x˜β)) ⊂ O˜(f˜β(x˜β)). Using the facts that ϕxα = ϕxβ ◦ λUαβ , ψf (x)α = ψf (x)β ◦
λWαβ and ψ
f (x)
α ◦ f˜α = f ◦ ϕxα , ψf (x)β ◦ f˜β = f ◦ ϕxβ , we have
ψ
f (x)
β ◦ λWαβ ◦ f˜α = ψf (x)α ◦ f˜α = f ◦ ϕxα = f ◦ ϕxβ ◦ λUαβ = ψf (x)β ◦ f˜β ◦ λUαβ. (2)
Since df˜α(x˜α) :Tx˜α U˜α → Tf˜α(x˜α)W˜α is a linear topological isomorphism, by the usual in-
verse function theorem we can assume f˜α|O˜(x˜α) is a homeomorphism (shrinking O˜(x˜α) if
necessary). For any connected open subset O˜(f˜α(x˜α)) of f˜α(O˜(x˜α)), we claim: f˜α(O˜(x˜α))
is Hα(f˜α(x˜α))-invariant. Indeed, since τα|Gα(x˜α) :Gα(x˜α) → Hα(f˜α(x˜α)) is surjective, for any
hα ∈ Hα(f˜α(x˜α)), there exists a gα ∈ Gα(x˜α) such that τα|Gα(x˜α)(gα) = hα . For any x˜ ∈ O˜(x˜α),
y˜ = f˜α(x˜) ∈ f˜α(O˜(x˜α)), we arrive at
hα(y˜) = τα|Gα(x˜α)(gα) ◦ f˜α(x˜) = f˜α ◦ gα(x˜) ∈ f˜α
(
O˜(x˜α)
)
.
On the other hand, for any h ∈ Hα \ Hα(f˜α(x˜α)), it follows from h(O˜((f˜α(x˜α))) ∩
O˜((f˜α(x˜α))) = ∅ and f˜α(O˜(x˜α)) ⊂ O˜(f˜α(x˜α)) that h(f˜α(O˜(x˜α))) ∩ f˜α(O˜(x˜α)) = ∅. Denote
by
H 0α =
{
hα|f˜α(O˜(x˜α))
∣∣ hα ∈ Hα(f˜α(x˜α))}.
We get a 1-regular Banach orbifold chart (f˜α(O˜(x˜α)),H 0α ,ψ0α = ψα|f˜α(O˜(x˜α))).
We claim that the map f˜α : O˜(x˜α) → f˜α(O˜(x˜α)) sends the regular points in (O˜(x˜α),Gα(x),ϕxα)
to the regular points in (f˜α(O˜(x˜α)),H 0α ,ψ0α). In fact, let x˜ ∈ O˜(x˜α) be a regular point. For
any hα ∈ H 0α \ {I }, since the map τα|Gα(x˜α) :Gα(x˜α) → Hα(f˜α(x˜α)) is surjective there exists
gα ∈ Gα(x˜α) \ {I } such that τα|Gα(x˜α)(gα) = hα . It follows that
hα ◦ f˜α(x˜) = τα|Gα(x˜α)(gα) ◦ f˜α(x˜) = f˜α ◦ gα(x˜). (3)
Note that x˜ is a regular point. We have gα(x˜) = x˜. Moreover, since f˜α|O˜(x˜α) is a homeomorphism,
we get f˜α ◦ gα(x˜) = f˜α(x˜). Combining this with (3) we arrive at hα ◦ f˜α(x˜) = f˜α(x˜) for any
hα ∈ H 0α \ {I }. It means that f˜α(x˜) is a regular point.
Denote by H 0β = {hβ |λWαβ◦f˜α(O˜(x˜α)) | hβ ∈ Hβ(f˜β(x˜β))} and ψ
0
β = ψβ |λWαβ◦f˜α(O˜(x˜α)). Then
(λWαβ ◦ f˜α(O˜(x˜α)),H 0β ,ψ0β) is also a 1-regular Banach orbifold chart. Since the equivalence
926 G. Lu, M. Wang / J. Math. Anal. Appl. 337 (2008) 919–927(λWαβ,AWαβ) always maps the regular points in (O˜(f˜α(x˜α)),Hα(f˜α(x˜α)),ψf (x)α ) to the reg-
ular points in (O˜(f˜β(x˜β)),Hβ(f˜β(x˜β)),ψf (x)β ), the restriction λ
W
αβ |f˜α(O˜(x˜α)) : f˜α(O˜(x˜α)) →
λWαβ ◦ f˜α(O˜(x˜α)) also maps the regular points in (f˜α(O˜(x˜α)),H 0α ,ψ0α) to the regular points in
(λWαβ ◦ f˜α(O˜(x˜α)),H 0β ,ψ0β).
Choose a regular point x˜ ∈ O˜(x˜α). The arguments above shows that λWαβ ◦ f˜α(x˜) ∈ λWαβ ◦
f˜α(O˜(x˜α)) is also a regular point. By (2), we get
ψ
f (x)
β ◦ λWαβ ◦ f˜α(x˜) = ψf (x)β ◦ f˜β ◦ λUαβ(x˜).
Hence there exists a uniquely determined hβ(x˜) ∈ H 0β such that hβ(x˜) ◦ λWαβ ◦ f˜α(x˜) = f˜β ◦
λUαβ(x˜). We claim that there exists h0 ∈ H 0β such that
h0 ◦ λWαβ ◦ f˜α(y˜) = f˜β ◦ λUαβ(y˜) ∀y˜ ∈ O˜(x˜α)◦. (4)
Let hiβ , i = 1,2, . . . , n, be all elements of H 0β . Denote by O˜i = {x˜ ∈ O˜(x˜α)◦ | hiβ ◦λWαβ ◦ f˜α(x˜) =
f˜β ◦ λUαβ(x˜)}, i = 1, . . . , n. If the claim is not true, then any O˜i = O˜(x˜α)◦, i = 1, . . . , n, which
imply there are, at least, two O˜i = ∅. Note that as the relative closed set of O˜(x˜α)◦, any two of
O˜1, . . . , O˜n are not intersecting. (Indeed, if x˜ ∈ O˜i ∩ O˜j for some i = j , then hiβ ◦λWαβ ◦ f˜α(x˜) =
h
j
β ◦ λWαβ ◦ f˜α(x˜), which is a contradiction with the uniqueness of hβ(x˜).) Hence O˜(x˜α)◦ is a
union of at least two nonempty disjoint closed subsets. Therefore it is not connected. On the
other hand, the chart (O˜(x˜α),Gα(x),ϕxα) is 2-regular, one easily uses (1) to prove O˜(x˜α)◦ =
O˜(x˜α) \ O˜(x˜α)sing is connected. This contradiction shows that (4) holds.
Finally, since O˜(x˜α)◦ is a dense open subset of O˜(x˜α), we arrive at h0 ◦ λWαβ ◦ f˜α = f˜β ◦
λUαβ on O˜(x˜α). In particular, we have h0 ◦ λWαβ ◦ f˜α(x˜α) = f˜β ◦ λUαβ(x˜α) = f˜β(x˜β). Notice that
h0 ◦ λWαβ is a diffeomorphism and that d(h0 ◦ λWαβ)(f˜α(x˜α)) ◦ df˜α(x˜α) = df˜β(x˜β). We obtain
df˜β(x˜β) :Tx˜β U˜β → Tf˜β(x˜β )W˜β is a linear topological isomorphism.
Moreover, since bothAUαβ :Gα(x˜α) → Gβ(x˜β) andAWαβ :Hα(f˜α(x˜α)) → Hβ(f˜β(x˜β)) are iso-
morphisms, and τα|Gα(x˜α) :Gα(x˜α) → Hα(f˜α(x˜α)) is surjective, we get that τβ |Gβ(x˜β ) :Gβ(x˜β) →
Hβ(f˜β(x˜β)) is surjective too. 
2. Local inverse theorem
Theorem 2.1. Let (X,AX) be a 2-regular Banach orbifold and (Y,AY ) be a 1-regular Banach
orbifold, AX = {(U˜α,Gα,ϕα)}α∈Λ. Suppose that a C∞-orbifold map f :X → Y is normal at
x ∈ X. Then there exists an open subset O ⊂ U of x such that f is invertible on O , and the
inverse of f |O is also a C∞-orbifold map.
Proof. Choose (U˜ ,G,ϕ) ∈ AX and (W˜ ,H,ψ) ∈ AY such that f (U) ⊂ W . Thus we have a
lifting f˜ : U˜ → W˜ of f |U and a group homomorphism τ :G → H such that f˜ ◦ g = τ(g) ◦ f˜
and ψ ◦ f˜ = f ◦ ϕ. Moreover, since f is normal at x, for any x˜ ∈ ϕ−1(x), τx˜ = τ |G(x˜) :G(x˜) →
H(f (x˜)) is surjective.
By Lemma 1.2, we can choose open neighborhoods O˜ ⊂ U˜ of x˜ and O˜(f˜ (x˜)) ⊂ W˜ of f˜ (x˜)
such that (O˜,G(x˜), ϕx = ϕ|O˜ ) and (O˜(f˜ (x˜)),H(f˜ (x˜)),ψf (x) = ψ |O˜(f˜ (x˜))) are 2-regular and
1-regular Banach orbifold charts respectively.
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a linear topological isomorphism. We can also assume f˜ |O˜ is a homeomorphism (shrinking O˜
if necessary). For the connected open subset f˜ (O˜) of O˜(f˜ (x˜)), we get that f˜ (O˜) is H(f˜ (x˜))-
invariant and h(f˜ (O˜)) ∩ f˜ (O˜) = ∅ for any h ∈ H \ H(f˜ (x˜)). (The proof can be obtained by
repeating some relevant arguments in Lemma 1.10.) Thus (f˜ (O˜),H(f˜ (x˜)),ψf (x) = ψ |
f˜ (O˜)
) is
also a 1-regular Banach orbifold chart. Since f˜ : O˜ → f˜ (O˜) and τx˜ :G(x˜) → H(f˜ (x˜)) satisfy
f˜ ◦ g = τx˜(g) ◦ f˜ and ψf (x) ◦ f˜ = f ◦ ϕx , it follows that f |O :O → f (O) is a C∞-orbifold
map with respect to the orbifold atlases {(O˜,G(x˜), ϕx)} and {f˜ (O˜),H(f˜ (x˜)),ψf (x)}.
We claim f is invertible on O = ϕ(O˜) and the inverse is also a C∞-orbifold map.
Step 1. f is invertible on O . Let x, y ∈ O , f (x) = f (y). For x˜ ∈ (ϕx)−1(x) ∈ O˜ and y˜ ∈
(ϕx)−1(y) ∈ O˜ , we have ψf (x) ◦ f˜ (x˜) = f ◦ ϕx(x˜) = f (x) = f (y) = f ◦ ϕx(y˜) = ψf (x) ◦
f˜ (y˜). It follows that there exists h ∈ H(f˜ (x˜)) such that f˜ (x˜) = h ◦ f˜ (y˜). Since τ |G(x˜) :G(x˜) →
H(f (x˜)) is surjective, there exists g ∈ G(x˜) such that τx˜(g) = h. Moreover, g(y˜) ∈ O˜ , f˜ (x˜) =
h ◦ f˜ (y˜) = f˜ ◦ g(y˜), and f˜ |O˜ is a homeomorphism, we derive x˜ = g(y˜) and thus x = ϕx(x˜) =
ϕx ◦ g(y˜) = ϕx(y˜) = y.
Step 2. (f |O)−1 :f (O) → O is continuous. For any open subset A ⊂ O , we shall show that
f (A) is also open in f (O). Note that f (A) = ψf (x) ◦ f˜ ◦ (ϕx)−1(A) and that f˜ |O˜ is a homeo-
morphism. We get that f˜ ◦ (ϕx)−1(A) is an open subset of f˜ (O˜). Finally, since ψf (x) : f˜ (O˜) →
f (O) is an open map, we get f (A) is open in f (O).
Step 3. (f |O)−1 :f (O) → O is a C∞-orbifold map. Obviously, (f |O)−1 :f (O) → O ,
f˜−1 : f˜ (O˜) → O˜ and (τx˜)−1 :H(f˜ (x˜)) → G(x˜) satisfy:
(i) f˜−1 ◦ h(ζ ) = f˜−1 ◦ h ◦ f˜ ◦ f˜−1(ζ ) = f˜−1 ◦ f˜ ◦ (τx˜)−1(h) ◦ f˜−1(ζ ) = (τx˜)−1(h) ◦ f˜−1(ζ )
for any h ∈ H(f˜ (x˜)) and ζ ∈ f˜ (O˜).
(ii) ϕx ◦ f˜−1(ζ ) = f−1 ◦ ψf (x)(ζ ) for any ζ ∈ f˜ (O˜). Indeed, let x˜ = f˜−1(ζ ). Since f |O is
an orbifold map, we have f ◦ ϕx ◦ f˜−1 ◦ f˜ (x˜) = f ◦ ϕx(x˜) = ψf (x) ◦ f˜ (x˜) and f ◦ ϕx ◦
f˜−1(ζ ) = ψf (x)(ζ ). Note that f |O is invertible. We get ϕx ◦ f˜−1(ζ ) = f−1 ◦ψf (x)(ζ ). 
Remark 2.2. It is easy to see that the orbifolds in the sense of [1, Definition 2.4] are 2-regular Ba-
nach orbifolds. Moreover, [1, Lemma 4.4] shows that the second hypothesis of [1, Theorem 4.3]
implies τx˜ = τ |G(x˜) :G(x˜) → H(f (x˜)) is an isomorphism. So our theorem also extend [1, The-
orem 4.3] even if for the finite-dimensional orbifolds.
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